Abstract. Complete complex parabolic geometries (including projective connections and conformal connections) are flat and homogeneous.
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Introduction
Cartan geometries have played a fundamental role in unifying differential geometry (see Sharpe [33] ) and in the theory of complex manifolds, particularly complex surfaces (see Gunning [17] ). I will prove Theorem 1. The only complete complex Cartan geometry modelled on a rational homogeneous space is that rational homogeneous space (with its standard flat Cartan geometry). In particular the two most intensely studied types of complex Cartan geometries, projective connections and conformal connections, when complete are flat.
The proof uses only classical techniques invented by Cartan.
The concept of completeness of Cartan geometries is subtle, raised explicitly for the first time by Ehresmann [13] (also see Ehresmann [14, 15] , Kobayashi [23] , Kobayashi & Nagano [25] , Clifton [12] ), and plays a central role in the book of Sharpe [33] , but is also clearly visible beneath the surface in numerous works of Cartan. Roughly speaking, completeness concerns the ability to compare a geometry to some notion of flat geometry, by rolling along curves. It is a transcendental concept, loosely analoguous to positivity conditions which are more familiar to algebraic geometers. Indeed the results proven here are very similar in spirit to those of Hwang & Mok [19] and Jahnke & Radloff [22, 20, 21] , but with no overlap; those authors employ deep Mori theory, working on smooth projective algebraic varieties, while I take advantage of completeness, working on any complex manifold, more along the lines of Hitchin [18] .
I have occasionally chosen to present more than one proof covering the same result, both to improve the clarity of the exposition, and to allow readers who are not interested in the most general results to find an easier relevant proof of the just those theorems they are interested in. This is most noticeable in my results on cominiscule varieties, for which the proofs are exceptionally easy. I could have eliminated these results entirely, since they are subsumed in more general results, but felt that they are exceptionally important examples and easy proofs.
Cartan connections
We will need some theorems about Cartan geometries, mostly drawn from Sharpe [33] . Proof. Let E → M be any flat Cartan geometry, with Cartan connection ω. Put the differential system ω = g −1 dg on the manifold E × G. By the Frobenius theorem, the manifold is foliated by leaves (maximal connected integral manifolds). Because the system is invariant under left action of G on itself, this action permutes leaves. We will see shortly that it acts almost transitively on leaves. Define vector fields A on E × G by adding the one from E with the one (by the same name) from G. The flow of A on G is defined for all time, so the vector field A on E × G has flow through a point (e, g) defined for as long as the flow is defined down on E. These vector fields A for A ∈ g satisfy ω = g −1 dg, so the leaves are contain the flow lines of the A.
The group G 0 has a finite set of components, so the G 0 -orbit (under diagonal G 0 -action) of a leaf is a discrete union of leaves and therefore a submanifold. Lets show now that G acts transitively on G 0 -orbits of leaves. Let Λ 0 and Λ 1 be G 0 -orbits of two (possibly different) leaves, containing points (e i , g i ) ∈ Λ i . Since M is connected, after G 0 action arrange that e 0 and e 1 belong to the same path component of E. Therefore we can draw a path from e 0 to e 1 in E, consisting of finitely many flows of A vector fields; clearly such a path lifts to a path in Λ 0 from (e 0 , g 0 ) to some point (e 1 , g For each loop e(t) in π 1 (E), lift to a path (e(t), g(t)) ∈ Λ, so that g(0) = 1. Map e(t) ∈ π 1 (E) → g(1) ∈ G. Check that this map is a group homomorphism. Clearly it vanishes precisely on π 1 (Λ). Therefore Λ → E is a normal covering map, with π 1 (E) /π 1 (Λ) as deck transformations. If e(t) stays in a single fiber of E → M , then g(t) stays in G 0 , which is diffeomorphic to that fiber, so g(t) closes up. If two loops in E drop to homotopic loops in M , then modulo homotopy their difference lies in the fiber, and so goes to 1 ∈ G. Therefore our homomorphism factors down to a map π 1 (M ) → G. If a loop in M lifts up to a loop inM , then it lifts to a loop in Λ as well, since Λ →M is a bundle map. Therefore our homomorphism is trivial on π 1 M , and takes Γ = π 1 (M ) /π 1 M → G. The elements of Γ act onM as deck transformations; these arise by taking γ ∈ Γ → g ∈ G, and using g as a mapping g : (e 0 , g 0 ) ∈ Λ → (e 0 , gg 0 ) ∈ Λ, i.e. treating the elements of G as transformations of E × G on the left, leaving E alone. Therefore the action of Γ on Λ is proper. Check that no element of G can fix a fiber of Λ →M , so the action of Γ onM must be free. The action is proper onM , because it is proper on Λ, so any compact subset ofM ×M whose preimage in Γ ×M was noncompact would be the image of a compact set in Λ × Λ, whose preimage in Γ × Λ was compact. ThereforeM → M is a normal covering map.
Warning: by definition, Γ\M will be smooth, but beware that Γ\G/G 0 might not be.
Definition 6 (Ehresmann [13]). A Cartan geometry is complete if all of the A vector fields are complete.
Completeness has its usual meaning in pseudo-Riemannian geometry (see Sharpe [33] ).
Lemma 1. If a Cartan geometry is complete, then all infinitesimal symmetries of the Cartan geometry are complete vector fields.
Proof. Infinitesimal symmetries are vector fields X on E for which r g * X = X and L X ω = 0. The vector fields A thus satisfy A, X = 0. Therefore the flows lines of X are permuted by the flows of A, so that the time for which the flow is defined is locally constant. But then that time can't diminish as we move along the flow, so X must be complete.
Lemma 2. Pullback via covering maps preserves and reflects completeness.

Corollary 1 (Sharpe [33]). A Cartan geometry on a connected manifold is complete and flat just when it is locally Klein.
Warning: If the Cartan geometry we start with is modelled on G/G 0 , then as a locally Klein geometry it might be modelled on G ′ /G 0 , for some Lie group G ′ with the same Lie algebra g as G, and which also contains G 0 as a closed subgroup, with the same Lie algebra inclusion g 0 ⊂ g; we can assume that G ′ /G 0 is connected. 
and since π 1 (M ) defies G, Γ is finite, andM is compact. The local diffeomorphism M → G/G 0 must therefore be a covering map to its image. The bundles on which the Cartan connections live, say
are all pullbacks via covering maps, so completeness is preserved from G/G 0 and reflected to M .
To show that this theorem brings new insight:
Proof. Construct manifolds with fundamental group defying G, following Massey [29] . The fundamental group can be finite or infinite, as long as it has no quotient group belonging to G, for example a free product of finitely presented simple groups not belonging to G. The standard example of a mutation is to take G the group of rigid motions of the Euclidean plane, G 0 the stabilizer of a point, and let G ′ be the group of rigid motions of a sphere or of the hyperbolic plane. The sphere and hyperbolic plane are then viewed as "Euclidean planes of constant curvature," although one could just as well view the Euclidean plane as a "sphere of constant negative curvature"; see Sharpe [33] for more on this picture.
Lemma 3. Any mutation of a homogeneous space is complete.
Proof. The vector fields A are precisely the left invariant vector fields on G ′ , so they are complete.
Definition 9. Say that a connected homogeneous space G/G 0 is immutable if every connected mutation of it is locally isomorphic (and hence a locally Klein geometry Γ\G/G 0 for some covering Lie groupG → G).
By contrast to Euclidean geometry, we will see (theorem 14 on page 28) that real and complex rational homogeneous spaces are immutable.
Curvature.
Lemma 4 (Sharpe [33] p.188). Take a Cartan geometry E → M with Cartan connection ω, modelled on G/G 0 . Write the curvature as Proof. Apply the Frobenius theorem to the equation ω = g −1 dg on E × G; the resulting foliation of E × G consists of the graphs of local isomorphisms.
Theorem 4 (Sharpe [33] ). A Cartan geometry is complete with constant curvature κ just when it is a mutation.
Proof. Taking the exterior derivative of the structure equations
shows that the Lie bracket
satisfies the Jacobi identity, so is a Lie bracket for a Lie algebra g ′ , containing g 0 as a subalgebra. The trouble is that perhaps every Lie group G ′ with that Lie algebra fails to contains G 0 .
Without loss of generality, assume π 1 (M ) = 1. The vector fields A satisfy
′ , so by Palais' theorem [31] generate a Lie group action, of a Lie group locally diffeomorphic to E. Let G ′ be the group of Cartan geometry automorphisms of E. Because the Cartan geometry is complete, the infinitesimal symmetries are complete by lemma 1 on page 4. So the Lie algebra of G ′ is precisely the set of infinitesimal symmetries. Consider the sheaf of local infinitesimal symmetries. The monodromy of this sheaf as we move around a loop in E, looking at the exact sequence
comes from the monodromy around loops in π 1 (G 0 ). But local infinitesimal symmetries are invariant under flows of A, so are invariant under the identity component of G 0 , hence under π 1 (G 0 ). Therefore the local infinitesimal symmetries (coming from the local identification of E with a Lie group) extend globally, ensuring that G ′ is locally diffeomorphic to E and acts locally transitively on E. Moreover, the vector fields A pull back to the left invariant vector fields on G ′ . The infinitesimal symmetries induce vector fields on M , because they are G 0 -invariant, and they are locally transitive on M . Since M is connected, G ′ acts transitively on M . If g ′ ∈ G ′ fixes some point e 0 ∈ E then commuting with A flows ensures that it fixes all nearby points of E, and therefore fixes all nearby points of M , and so fixes all points of M , so fixes all points of E. Therefore G ′ acts on E locally transitively and without fixed points.
Write p j : (e 0 , e 1 ) ∈ E×E → e j ∈ E, and consider the exterior differential system p * 0 ω = p * 1 ω on E ×E. This exterior differential system satisfies the hypotheses of the Frobenius theorem, so integral manifolds have dimension equal to the dimension of E. Pick any two points e 0 , e 1 ∈ E, and let Λ be the G 0 -orbit of the integral manifold containing (e 0 , e 1 ); so Λ is an integral manifold, and A-invariant. Therefore p j : Λ → E are local diffeomorphisms, A and G 0 equivariant, so covering maps. So p j : Λ/G 0 → E/G 0 = M , a covering map. But M is connected and simply connected, and Λ/G 0 is connected by construction, so p j : Λ/G 0 → M is a diffeomorphism, and therefore p j : Λ → E is a diffeomorphism. So Λ is the graph of an automorphism taking e 0 to e 1 . Therefore the automorphism group G ′ acts transitively on E, and without fixed points. Pick any e 0 ∈ E, identify g ′ ∈ G ′ → g ′ e 0 ∈ E, and map
′ . Check this is a homomorphism, because automorphisms commute with the right action, and an injection, mapping G 0 → G ′ 0 , and moreover acts simply transitively on the fiber of E over m 0 ∈ M , so
Beware: not every homogeneous space with invariant Cartan geometry is a mutation. To be a mutation, its symmetry group G ′ must have the same dimension as that of the model. A homogeneous space G ′ /G ′ 0 bearing a G ′ -invariant Cartan geometry modelled on G/G 0 will frequently have dim G ′ < dim G, with curvature varying on E, constant only on the G ′ orbits inside E, and G ′ /G ′ 0 need not be complete. For instance, the hyperbolic plane has a flat projective connection (i.e. modelled on
isometries, but is incomplete; it is not a mutation of RP 2 , since the group G ′ (the projective automorphism group of the hyperbolic plane) is merely P GL RP 1 , too small. Similarly, the usual Riemannian metric on CP n gives a real conformal structure, which is equivalent to a type of Cartan connection, but not a mutation of the conformal structure of S 2n since its symmetry group, PU (n + 1), is much smaller than PO (2n + 2, 1) (the symmetry group of the flat conformal structure on S 2n ). Indeed, the conformal Cartan connection on CP n is not even flat.
Corollary 4. The automorphism group of a Cartan geometry modelled on G/G 0 has at most dim G dimensions, and has dim G dimensions just when it is a mutation.
Torsion.
Lemma 6 (Sharpe [33] ). Define the 1-torsion κ 1 to be the image of the curvature under g → g/g 0 , i.e.
The tangent bundle is
Let g 0 0 = g 0 and let g 0 p+1 be the kernel of 0
Lemma 7. If κ q+1 = 0 for q < p then κ p+1 determines a section of the bundle
Proof. Sharpe [33] gives an easy proof of the case p = 0. Induction from there is elementary.
Similarly we define groups G 0 0 = G 0 and 1
2.4. Circles.
Definition 10. Let G/G 0 be a homogeneous space. A circle is a compact curve in G/G 0 which is acted on transitively by a subgroup of G. Without loss of generality, lets assume that our circles pass through the "origin" 
Warning: Sharpe [33] calls the images in M of the flows of the A vector fields circles. For example, he calls a point of M a circle. Cartan's use of the term circle in conformal geometry [6] and in CR geometry [8, 9] agrees with our use. For example, in flat conformal geometry on a sphere, our circles are just ordinary circles, while some of Sharpe's circles have one point deleted, and others do not. The reader may wish to consider the group of projective transformations of projective space, where one sees clearly how the two notions of circle diverge.
Projective connections
3.1. The concept. A projective connection is a Cartan geometry modelled on projective space P n = P GL (P n ) /G 0 (with G 0 the stabilizer of a point of P n ). Cartan [7] shows that any connection on the tangent bundle of a manifold induces a projective connection, with two torsion-free connections inducing the same projective connection just when they have the same unparameterized geodesics. Not all projective connections arise this way 1 but nonetheless we can use this as a helpful picture. A Riemannian manifold has a projective connection induced by its Levi-Civita connection.
The projective connection on (real or complex) projective space is complete, because the relevant flows generate the action of the projective linear group. Clearly 1 Those which do are often called projective structures, although some authors use the term projective structure for a projective connection which arises from a torsion-free connection, or for a flat projective connection. no affine chart is complete, because the projective linear group doesn't leave it invariant. A flat torus cannot be complete because it is covered by affine space. So projective completeness is quite strong. No real manifolds with complete real projective connections are known other than flat ones; 2 corollary 1 on page 4 and theorem 4 on page 6 say that the flat complete ones are the sphere and real projective space. Kobayashi & Nagano [25] conjecture that complete projective connections can only exist on compact manifolds. We will prove this, and much more, for holomorphic projective connections. Lebrun & Mason [28] gave a beautiful geometric description of the projective structures on S 2 for which all geodesics are closed, but have not addressed completeness, which is not obvious even in their examples.
3
Their approach does not appear to apply to general projective connections, even if all of their geodesics are closed. It is not clear whether completeness of a projective connection implies closed geodesics. Pick a geodesic on the round sphere. We can alter the metric in a neighbourhood of that geodesic to look like the metric on the torus (picture gluing two spherical caps to a cylinder). The resulting real projective structure is incomplete, but the limit as we remove the alteration is complete.
3.2.
Literature.Élie Cartan [7] introduced the notion of projective connection; Kobayashi & Nagano [25] , Gunning [17] and Borel [4] provide a contemporary review.
3.3. Notation. Let e µ ∈ P n (µ = 0, . . . , n) be the µ-th standard basis vector projectivized. Let G = P GL (P n ), G 0 the stabilizer of the point e 0 , G 1 the stabilizer of the projective line through e 0 and e 1 , and G + = G 0 ∩G 1 . To each projective connection on a manifold M , Cartan associates a Cartan geometry (see Sharpe [33] ), which is a principal right G 0 -bundle E → M with a Cartan connection ω ∈ Ω 1 (E) ⊗ g, which we can split up into
(using the convention that Roman lower case indices start at 1), with the relation ω
It is convenient to introduce the expressions
Structure equations. There are uniquely determined functions
so that the structure equations in table 1 on the following page are satisfied. The elements h ∈ G 0 (1) which fix not only the point e 0 ∈ P n , but also the tangent space at e 0 , look like
these equations say Table 1 . The structure equations of a projective connection 3.5. Flatness. The canonical projective connection on P n is given by E = G → M = P n , with ω the left invariant Maurer-Cartan 1-form on G; it is flat.
3.6. Projective connections as second order structures. Take E → M the bundle of our projective connection ω. Let F M → M be the bundle of coframes of M , i.e. the linear isomorphisms u :
, we can map E → F M by the following trick: at each point of E, we find that ω i is semibasic for the map E → M , so descends to a C n -valued 1-form at a point of M , giving a coframing. A similar, but more involved, process gives a map E → F M (1) to the prolongation of F M , as follows: Cartan shows that at each point of E, γ i j is semibasic for the map E → F M , so descends to a choice of connection at that point of F M (a connection as a GL (n, C)-bundle F M → M ). The bundle F M (1) → F M is precisely the bundle of choices of connection, hence a map E → F M (1) . Finally,
{ { w w w w w w w w M is a principal right G 0 -bundle morphism.
3.7. Geodesics. Cartan points out that the geodesics of a projective connection are precisely the curves on M which are the images under E → M of the flow of the vector field dual to ω 1 . Denote this vector field e 1 . Given any immersed curve φ : C → M , we take the pullback bundle φ * E → C, and inside it we find that the 1-form ω i has rank 1. Applying the G 0 -action, we can arrange that ω I = 0 for I > 1. (Henceforth, capital Roman letters designate indices I = 2, . . . , n). Let E C ⊂ φ * E be the subset on which ω I = 0, precisely the subset of φ * E on which the map E → F M reaches only coframes ω i with ω I normal to C. Taking exterior derivative of both sides of the equation ω I = 0, we find γ
A geodesic is just an immersed curve of vanishing geodesic curvature.
3.8. Rationality of geodesics. Henceforth we work in the category of holomorphic geometry unless explicitly stated otherwise.
Proposition 2. A holomorphic projective connection on a complex manifold is complete just when its geodesics are rational curves.
Proof. Consider the equations ω I = γ I 1 = 0 on the bundle E. These equations are holonomic (i.e. satisfy the conditions of the Frobenius theorem), so their leaves foliate E. We have seen that the leaves are precisely the E C bundles over geodesics C. On E C the 1-forms
, ω J form a coframing, with the structure equations
which are the Maurer-Cartan structure equations of G 1 , hence E C → C is a flat Cartan geometry modelled on G 1 /G + . Note that E C → C is a G + bundle, and that G 1 /G + = P 1 is simply connected. By corollary 1 on page 4, if the projective structure is complete, then E C → C is a complete flat Cartan connection, so C is covered by P 1 , an unramified cover, and therefore a biholomorphism. Conversely, if the geodesic C is rational, then theorem 3 on page 5 proves that E C is a locally Klein geometry on C, so the vector field e 1 is complete on E C . These E C manifolds foliate E, so e 1 is complete on E. By changing the choice of indices, we can show that e 2 , . . . , e n are also complete on E.
Definition 11. A geodesic C is called complete when the Cartan geometry on E C is complete.
Proposition 3. A geodesic is complete just when it is rational; its normal bundle is then
Proof. Let φ : C → M be our geodesic. We have seen that completeness is equivalent to rationality. Split C n = C ⊕ C n−1 , and get the structure group G + to act on E C × C n in the obvious manner on E C , and on C n by taking
to act on vectors in C n as the matrix g 1 1
Sharpe [33] p. 188 gives an elementary demonstration that T C = (E C × C) /G + , and the same technique shows that
Because E C = E P 1 are the same Cartan geometries, the corresponding vector bundles are isomorphic.
3.9. Completeness. Proof. All geodesics must be rational, with tangent bundles O (2) and normal bun-
As long as we take k = 1, i.e. only plug in tangent vectors to the geodesic to one of the slots in the 1-torsion, we have a section of φ * T M ⊗ T * C ⊗ ν * C. This maps to a section of νC ⊗ T * C ⊗ ν * C in which the line bundles are negative, so there are no nonzero holomorphic sections. Therefore K I 1L = 0 for I, L = 1. This holds at every point of E C , and varying the choice of C, these E C ⊂ E fill out all of E. By G 0 -equivariance of κ 1 , we must have
, and K I 11L = 0 by a similar argument, and then K I J1L becomes defined, and vanishes by the same argument, and then finally κ 2 = 0 by G 0 equivariance. With that established,
, and in the same way one sees that K jkl = 0. Apply corollary 2 on page 4 to see that our manifold is Γ\P n (since P n is simply connected). Γ is a discrete group of projective linear transformations, acting freely and properly. Every complex linear transformation has an eigenvalue, so every projective linear transformation has a fixed point, and therefore Γ cannot act freely unless Γ = {1}.
Conformal connectionś
Elie Cartan [7] introduced the notion of a space with conformal connection (also see Kobayashi [24] ); these include conformal geometries, i.e. pseudo-Riemannian geometries up to rescaling by functions. Since the line of reasoning is so similar here, it is only necessary to outline the differences between conformal connections and projective connections. Again, holomorphic conformal connections are Cartan connections modelled on G/G 0 where G is the stabilizer of a smooth hyperquadric in projective space (i.e. the group of complex conformal transformations G = PO (n + 2, C)), and G 0 is the stabilizer of a point of the hyperquadric. Cartan takes the hyperquadric
n + 2x 0 x n+1 = 0 inside P n , and G 0 the subgroup fixing the point e 0 . Denote their Lie algebras g and g 0 respectively. A Cartan connection with this model is an G 0 -equivariant Table 2 . The structure equations of conformal connections
where i, j = 1, . . . , n. These equations tells us just that ω is valued in g. It is convenient to define Table 2 gives the structure equations of conformal connections. Each of the curvature functions K is antisymmetric in the k, l indices. Elements of G 0 (1) have the Table 3 . Action of the structure group on the curvature of a conformal connection
and satisfy the equations in table 3.
4.1. Circles. Again, lets use capital Roman letters for indices I = 2, . . . , n. Let G 1 be the subgroup of G fixing the rational curve P 1 = x I = 0 (this curve is a circle), and G + = G 0 ∩ G 1 .
Lemma 8. The normal bundle of this curve inside the hyperquadric is νP
Proof. One can carry out an entirely elementary calculation in projective coordinates to check this, but instead I will employ a trick which applies more generally, and which we will use again later. Consider the subgroup K generated by
Clearly its orbit is our circle P 1 . In particular, over the circle, the pullback bundle of G → G/G 0 reduces to K → P 1 . Let X be the vector field on G dual to ̟ (thus generating the Cartan subgroup of K). Clearly X is tangent to K. Let v be any local section of T (G/G 0 ) restricted to P 1 . Note that at each point of G, ω 1 and ω I are semibasic for G → G/G 0 , so descend to the corresponding tangent space of
Therefore the normal bundle and tangent bundle are both sums of line bundles forged by the same representation of the structure group of K → P 1 , and so are isomorphic. The tangent bundle of a rational curve is O (2).
Using the Cartan formula
we can read off the coefficients of L X v 1 , L X v I directly from looking at Cartan's structure equations. For a general Cartan geometry, pick any sl (2)-subalgebra k ⊂ g (in this case the Lie algebra of K) which intersects g 0 in two dimensions (so contains one semibasic 1-form, in this case, ω 1 ). The k-orbits in G/G 0 will be rational curves, so circles. Suppose that ω 1 , ω I span the semibasic 1-forms for the map G → G/G 0 , and that the ω I = 0 on the subalgebra k. Write
where γ represents the Cartan subalgebra of k; then the normal bundle of the circle will be
and we don't have to worry about the danger of getting the sign or rescaling of γ wrong, because the ratio a I /a 1 won't be affected. We can therefore read off the topology of the normal bundle of any circle directly from the structure equations of a Cartan geometry.
The group G 1 has Lie algebra cut out by the equations ω I = γ I 1 = ω I = 0. Take E → M any Cartan geometry modelled on the hyperquadric G/G 0 , with Cartan connection ω; Cartan [7] shows that the same equations ω I = γ I 1 = ω I foliate E by G + -subbundles over curves in M which he called circles. They are also circles in our sense. Proof. All of the line bundles appearing in the normal and tangent bundles of the circles are the same, O (2), and therefore 1-torsion lives in a sum of O (−2) line bundles, and similarly all higher torsions live in sums of negative line bundles. Following the same line of reasoning as we did for projective connections, this implies that our manifold is a quotient of the hyperquadric by a discrete subgroup of complex conformal transformations. But every complex conformal transformation is orthogonally diagonalisable, so leaves invariant some flag of complex subspaces, one of which intersects the hyperquadric in a pair of points. Therefore there are no smooth quotients of the hyperquadric.
Grassmannian connections
Grassmannian connections generalise projective connections. Let G = P GL (n, C) and let G 0 be the stabilizer of the d-plane E 0 = span {e 1 , . . . , e d } ⊂ C n . Let Gr (d, n) = G/G 0 be the Grassmannian of d-planes in C n .
5.1. Circles. Let P 1 ⊂ Gr (d, n) be the set of d-planes containing e 1 , . . . , e d−1 and contained in span {e 1 , . . . , e d+1 }, and G 1 ⊂ G the stabilizer of P 1 . The normal bundle of
The projective line develops (locally) to any Grassmannian connection to give a circle, globally if the connection is complete.
Theorem 7. The only holomorphic Grassmannian connection on any complex manifold which either (1) is complete or (2) has all circles rational or (3) is compact with generic circles rational is the canonical flat Grassmannian connection on the Grassmannian Gr (d, n).
Proof. The same argument shows that the 1-torsion must vanish. Writing the Cartan connection
from which we compute that ∇ω i j and ∇ω α β define tensors on the base manifold M (giving κ 2 ), contained in TM ⊗Λ 2 (T * M ). Again the same argument shows that they vanish. With that given, ∇ω i β determines a tensor on M , κ 3 , and similarly it must vanish, so the Cartan geometry is flat. Therefore our manifold is a quotient of a covering of the Grassmannian. But the Grassmannian is simply connected, so our manifold is a quotient of the Grassmannian, by a group of projective linear transformations. Every linear transformation leaves invariant linear subspaces of all dimensions, as is clear in Jordan canonical form, and so has fixed points on the Grassmannian. Therefore our manifold is the Grassmannian.
Spinor variety connections
Consider the two spinor varieties (see Fulton & Harris [16] for their definition). It is enough to check only one of them, say S − C 2n , since the geometry of circles and their normal bundles is invariant under the outer automorphism. The pattern here is similar again.
and the subalgebra p given by η = 0 generates a subgroup P , so that G/P = SO (2n, C) /P is the spinor variety S − C 2n . Transposition of matrices intertwines the theory of S − C 2n with that of S + C 2n . A circle subalgebra is given by setting all but one of the components of η to zero, say leaving only η . The circle subalgebra is isomorphic to sl (2, C). Its orbit in the spinor variety is therefore a rational circle. From the structure equations, we read off the normal bundle of the rational circle in the spinor variety: 
Lagrangian-Grassmannian connections
For G = Sp (2n, C) the Maurer-Cartan 1-form is
where t η = η and t ξ = ξ. The subalgebra p given by ω = 0 is the Lie subalgebra of the subgroup P preserving a Lagrangian n-plane, so G/P is the LagrangianGrassmannian, Lag C 2n , i.e. the space of Lagrangian n-planes in C 2n . Thus
. Consider the circle subgroup given by setting all of the η and ξ components to 0, except for one η 
On the other hand, if i > j, then the normal bundle is more complicated, with O (1) contributions from other entries below the diagonal on the same row or column of η, O contributions under the diagonal away from that row and that column, and an unpleasant O (2) contribution from both the η i i and η j j elements:
Looking to the possible curvature terms of a Cartan geometry modelled on the Lagrangian-Grassmannian, we would expect trouble, since the O (2) bundles could overwhelm the tangent bundle and allow some components of the curvature to live in O-bundles. The only troublesome curvature components would be those connected to precisely two of η 
Rational homogeneous varieties
Linear algebra eliminated the possibility of a quotient of projective space or the hyperquadric by a discrete group Γ. A little Lie theory covers these and many other cases at once. Recall that a parabolic subgroup of a complex semisimple Lie group is a closed subgroup which contains a Borel (i.e. maximal connected solvable) subgroup. See Serre [32] for all of the theory of semisimple Lie algebras that will be used in this article.
Lemma 9. There are no smooth quotients of any complex rational homogeneous variety G/P with G semisimple and P a parabolic subgroup, i.e. if Γ\G/P is a locally Klein geometry, then Γ = 1.
Proof. Each element g ∈ G must belong to a Borel subgroup (see Borel [3] 11.10), say B, and all Borel subgroups are conjugate. Every parabolic subgroup contains a Borel subgroup, say hBh −1 ⊂ P , so g fixes h −1 P ∈ G/P . Thus no subgroup of G acts freely on G/P . A Cartan geometry modelled on a rational homogeneous space is called a parabolic geometry.
Corollary 5. Every flat complete holomorphic parabolic geometry is isomorphic to its model G/P .
Relating geometries with different models
Definition 12. Say that a complex homogeneous space G/G 0 is stiff if every holomorphic Cartan geometry modelled on it which either (1) is complete or (2) has all circles rational or (3) has generic circle rational is isomorphic to G/G 0 . Say that G/G 0 is stubborn if every complete holomorphic Cartan geometry modelled on it has constant curvature (and consequently, by theorem 4 on page 6 is a locally Klein geometry for possibly some different model).
We can sum up our results thus far as: the spaces G/G 0 are stiff for G = GL (n, C) , Sp (2n, C) , SO (2n, C) or SO (2n + 1, C) and G 0 the stabilizer of a dplane, Lagrangian plane, null line or null line respectively.
Lemma 10. Let G be a complex Lie group, G
Lemma 11. Suppose that G and G ′ are two Lie groups with the same Lie algebra g, and that G 0 occurs as a closed subgroup of both of them, with the same Lie subalgebra
Proof. Being modelled on one is just the same requirement as being modelled on the other.
Lemma 12. If the product of finitely many complex homogeneous spaces is stiff (stubborn), then each of the homogeneous spaces is stiff (stubborn).
Proof. Take two homogeneous spaces, G/G 0 and
Definition 13. If G/G 0 is a homogeneous space, its kernel is the largest subgroup of G 0 which is normal in G.
The kernel is closed, being the intersection of all gG 0 g −1 subgroups, for g ∈ G.
Lemma 13. Let G/G 0 be a homogeneous space with kernel
Proof. Given any G/G 0 Cartan connection E → M , we can always construct E/N → M , a (G/N )/(G 0 /N ) Cartan connection; this construction preserves and reflects completeness (stiffness, stubbornness).
For instance, a spin structure on a pseudo-Riemannian manifold is complete just when the underlying pseudo-Riemannian geometry is complete.
Flag variety connections
Consider a complete Cartan connection ω on E → M , modelled on the complete flag variety, i.e. G = SL (n, C) and G 0 the stabilizer of a flag in C n . Write ω = ω i j . For any fixed choice of i > j, look at the Lie subalgebra of sl (n, C) for which all entries vanish except for those with either the upper or lower index, or both, equal to i or to j, i.e. the 4 corners of a square inside the matrix, symmetric under transpose. The associated group has a rational orbit in the flag variety. The orbit is, up to conjugation, just given by fixing all subspaces in a flag, except for one. These rational circles stick out in "all directions" at each point of the flag variety, i.e. their tangent lines span the tangent space of the flag variety. (Perhaps surprisingly, the Borel subgroup does not have any open orbits when it acts on tangent lines to the flag variety at a chosen point.)
Developing these rational circles into the Cartan geometry gives a family of rational circles in M . Consider the rational circle in the ω i j direction, some fixed i > j. Think of the matrix ω as having the Borel subalgebra on and above the diagonal, since in the flat case that is indeed where it sits. Then the entries below the diagonal can be thought of as the tangent space of G/B. The ω i j entry is the direction of our rational curve, which has tangent bundle O (2). The entries in the same row and column, below the diagonal, contribute O (1) line bundles to the normal bundle of that rational curve, while those in the same row and column as ω j i which lie below the diagonal contribute O (−1) line bundles to the normal bundle; see figure 3 on the next page. The normal bundle of the rational circle coming from ω Using the same circle subgroups as we used for the Lagrangian-Grassmannian, and adding in also the circle subgroups we used for projective space, applied to the γ i j directions, we find pictures as in figure 4 on the following page. As for a LagrangianGrassmannian, the vertical and horizontal lines through the lower left dot in the matrix contribute degree 1 line bundles to the normal bundle, while the two dots on the diagonal contribute degree 2 line bundles; these degree 2 contributions disappear when they coalesce on the diagonal.
Rational homogeneous variety connections
Again recall that a parabolic subgroup of a complex semisimple Lie group is a closed subgroup which contains a Borel (i.e. maximal solvable) subgroup. All Borel subgroups are conjugate, so we can stick with a specific choice of one of them. The Lie algebra p ⊂ g of a parabolic subgroup P ⊂ G therefore contains a Borel subalgebra b ⊂ g. With an appropriate choice of Cartan subalgebra, the Borel subalgebra consists precisely of the sum of the root spaces of the positive roots. Every parabolic subalgebra p, up to conjugacy, has Lie algebra given by picking a set of negative simple roots, and letting their root spaces belong to p. A compact complex homogeneous space G/G 0 with G a complex semisimple group has G 0 = P a parabolic subgroup, and conversely every G/P is compact, and a rational homogeneous variety; see Borel [3] and Wang [34] . The negative roots whose root spaces do not belong to p will be called the omitted roots of P .
Lemma 14. Suppose that P ⊂ G is a parabolic subgroup. Then each omitted root α contains a root vector living in a unique copy of sl (2, C) ⊂ g. The associated connected Lie subgroup SL (2, C) α ⊂ G projects under G → G/P to a rational curve. The normal bundle of that rational curve is
where the sum is over omitted roots not equal to α and n(α, β) is the Cartan integer:
with B the Killing form acting on the dual space to the Cartan subalgebra.
Proof. Picture the root diagram, with the Lie algebra b of B represented by all of the roots on one side of a hyperplane. Take any omitted root α. It lies on the negative side of the hyperplane. The line through that root gives a subalgebra isomorphic to sl (2, C). We can see that this projects to a curve C α ⊂ G/P because the root space of α is semibasic for the submersion. This curve is acted on (faithfully, up to a finite subgroup) by the subgroup coming from that sl (2, C) Lie subalgebra. By Lie's classification of group actions on curves (see Sharpe [33] ), the only connected Lie group with Lie algebra sl (2, C) which acts on a curve is P SL (2, C) (up to taking a covering group), acting on a rational curve. So we will write C α as P 1 α . The various roots α that we can pick to play this role produce a basis for the tangent space of G/P .
There is a very slight subtlety: the subgroup we have called SL (2, C) α might actually be isomorphic to P SL (2, C), so we replace it by its universal cover (largely to simplify notation), which will then be an immersed subgroup SL (2, C) α → G, not necessarily embedded.
We need to calculate the normal bundle of the resulting rational curve. The bundle G → G/P pulls back to a bundle E α → P 1 α , a principal right P -bundle. The normal bundle of P 1 α is
where h β is the root space of the root β, and the sum is over omitted roots not equal to α. Let SU (2) α ⊂ SL (2, C) α be any maximal compact connected subgroup. Clearly SU (2) α ⊂ SL (2, C) α ⊂ E α ⊂ H gives a reduction of structure group of the bundle P → E α → P 1 α to a bundle U (1) α → SU (2) α → P 1 α . Therefore the normal bundle is
In the standard notation of Lie theory (see Serre [32] ), there is a root vector in each α root space which we call Y α ∈ g α , and the associated sl (2, C) α contains a root vector X α = Y −α ∈ g −α , and a root vector H α in the Cartan subalgebra h = g 0 , with commutation relations
The Lie algebra su (2) α is spanned by
The subgroup U (1) α has Lie algebra spanned by
where U (1) α acts on C by the obvious representation. Write H α for the left invariant vector field on P equal to H α at 1. A local holomorphic section of O (k) is represented by a function f : SL (2, C) α → Sym k (C) satisfying
The same equation holds on SU (2) α . Consider a local holomorphic section of the normal bundle. It is represented by a map f : E α → β =α h β , written in components f = f β Y β , which transforms under the adjoint representation,
Restricting to SL (2, C) α (or to SU (2) α , for those who prefer compact groups) this says that
. so the components transform according to
Definition 14. Suppose that G is a complex semisimple Lie group, and P a parabolic subgroup. Pick any Cartan subalgebra of G contained in P , and a choice of base of simple roots so that the Lie algebra p of P contains the Borel subalgebra generated by the positive roots. Say that G/P is very stubborn if for any two distinct omitted roots β, γ and any root δ (positive or negative), there is an omitted root α so that n (β, α) + n (γ, α) ≥ 0 and n (β, α) + n(γ, α) − n(δ, α) ≥ 0. If we can ensure the stronger inequalities n (β, α) + n (γ, α) > 0 and n (β, α) + n(γ, α) − n(δ, α) > 0 then say that G/P is very stiff.
Theorem 11. Very stubborn (very stiff ) implies stubborn (stiff ).
Proof. This complicated set of inequalities on Cartan integers says that every component of the curvature is in a nonpositive (negative) line bundle on one of the rational circles, and therefore is constant (vanishes).
Recall that a cominiscule variety is a rational homogeneous variety G/P α where P α is a maximal parabolic subgroup (so its Lie algebra omits one negative simple root, α) so that the P α -module g/p α admits no P α -submodule. Another way to say this (see Landsberg & Manivel [27] ) is that every negative root, written as an integer linear combination of simple negative roots, has coefficient 0 or 1 in front of α. Yet another is the that subgroup of the Weyl group of G leaving P α invariant acts transitively on the omitted simple roots of P α (see Landsberg & Manivel [27] ), and finally one more is that the complex manifold G/P α admits a metric in which it is a compact Hermitian symmetric space. See figure 5 on the next page for the classification, where Gr k, C n+1 is the Grassmannian of k-planes in C n+1 ,
Figure 5. Parabolic subalgebras of simple Lie algebras with very stiff quotients; black dots are omitted simple roots. 
Proof.
Lemma 15. A rational homogeneous variety G/P which is very stiff is cominiscule.
Proof. Let H ⊂ P be a Cartan subgroup. We can split the Lie algebra g = j g j invariantly under H so that p = j≤0 g j , and g/p = j>0 g j , with g 1 generated by the root spaces of simple omitted roots, g 2 generated by the root spaces of sums of pairs of omitted roots, etc., and g −1 , g −2 , . . . the dual spaces in the Killing form of g 1 , g 2 , . . . , i.e. generated by the root spaces of the negatives of those roots.
Our variety is cominiscule just when g = g −1 ⊕g 0 ⊕g 1 . If it fails to be cominiscule, then take β, γ ∈ g 1 two omitted simple roots whose sum δ = β + γ ∈ g 2 is also an omitted root.
The complete classification of cominiscule varieties is well known (see [5, 16, 26] ), and presented in figure 5 on the preceding page. We have seen above by explicit calculations of the normal bundles of rational circles the very stiffness of all but the E 6 and E 7 cominiscule varieties. Since there are only three of these, an elementary calculation via a computer algebra program on the E 6 and E 7 root systems proves the result.
There is another approach which does not require computer calculation and for which I am grateful to J. M. Landsberg. Imagine that we have a counterexample (β, γ, δ) to very stiffness of some cominiscule.
Lemma 16.
There is always an omitted root α for which n (β, α) + n (γ, α) > 0. • Figure 6 . The 9 Dynkin diagrams with one marked node for which all other nodes lie next door to the marked one.
Proof. As mentioned above, for a cominiscule variety, the subgroup of the Weyl group preserving the parabolic P acts transitively on omitted roots. 
Proof. The projection is an orthogonal projection on the root lattice, since two simple roots are neighbors in the Dynkin diagram just when they are perpendicular in the Killing form. The preimage of an ideal in g ′ under the projection is an ideal in g, so g ′ is semisimple. The commutation relations ensure that h ′ = h ∩ g ′ is a Cartan subalgebra. Clearly the simple positive roots that we used to generate g ′ are still simple positive roots for g ′ , since every positive root is a positive multiple of them. The subalgebra p ′ contains the Cartan subalgebra h ′ = h ∩ g ′ , so is parabolic. If it omits two simple negative roots, then they must have been omitted in p; therefore p ′ ⊂ g ′ is cominiscule. The Cartan integers of g ′ appear directly in the commutation relations, so must be the same as in the ambient g. Therefore if the inequalities fail in g then they fail in g ′ .
Lemma 20. If there is a counterexample, then there is one among the diagrams
Proof. Using the previous lemma, we can cut out all of our Dynkin diagram except for the nearest neighbours of the omitted simple root. By inspection, the only Dynkin diagrams left over are these three. We compute by hand that each of these diagrams represents a very stiff variety. Proof. The proof consists in more calculations of the type already presented. It suffices to demonstrate stubbornness for only the rational homogeneous varieties G/B with B the Borel subgroup since, as we have seen, this implies stubbornness of all of the rational homogeneous G-varieties. The calculations for G/B are similar to those above. With monstrous notation, the author has in fact proven stubbornness directly for every possible rational homogeneous variety, using a computer to check the exceptional ones.
Mutations
We have seen the stiffness of cominiscule varieties explained using inequalities on the degrees of curvature line bundles. We can see this another way, following an observation of J. M. Landsberg:
Lemma 21. Cominiscule varieties are immutable.
Proof. A mutation Γ\G
′ /P must have Lie algebra g ′ identified with g as a vector space. This Lie algebra is acted on by P in the adjoint representation, and the Maurer-Cartan 1-form must vary in that representation. Therefore g ′ = g as Pmodules. Their brackets agree on p, and differ by some expression
To get p to be a subalgebra, the Jacobi identity forces κ to be P -invariant, so κ lives in the vector space Λ 2 (g/p) * ⊗ g P . Split g into H-submodules for H the Cartan subgroup of P : g = g −1 ⊕ g 0 ⊕ g 1 . Expanding out Λ 2 (g/p) * ⊗ g in terms of these submodules, any P -invariant κ would have to be H-invariant, and therefore sit in a module with vanishing sum of lower indices. But there isn't one.
A much stronger result: Proof. Suppose that our rational homogeneous variety is G/P , and it bears a mutation G ′ /P . Then g ′ ∼ = g as P -modules, and we will therefore identify them, and think of g as having two Lie brackets defined on it: [, ] ′ and [, ] . Let κ = [, ] ′ − [, ]. Because these brackets agree on p, i.e. κ(A, B) = 0 for A ∈ p, we must have κ ∈ Λ 2 (g/p) * ⊗ g P .
Splitting g = α g α into root spaces, and using the Killing form to identify g * α = g −α , we must have κ ∈ β,γ
where β and γ are negative roots omitted from p. Invariance under the Cartan subalgebra forces κ ∈ β,γ g −β ⊗ g −γ ⊗ g β+γ .
We can expand κ into κ = κ βγ X β ⊗ X γ ⊗ Y β+γ . We can already see the result for cominiscule varieties, since β + γ is not a root, so such terms are impossible. It is more natural to calculate in terms of positive roots, so write κ = κ βγ Y −β ⊗ Y −γ ⊗ X −(β+γ) . Proof. We have seen (theorem 13 on page 27) that they are stubborn, hence complete Cartan geometries with those models are mutations (theorem 4 on page 6). But they are immutable, so the Cartan geometries are quotients. But there are no quotients of rational homogeneous varieties (lemma 9 on page 19).
Corollary 7. Real rational homogeneous varieties are immutable.
Proof. Use the same proof as for the complex ones, or complexify real mutations.
Conclusions
Lets compare with Kobayashi's notion of invariant metrics for projective structures. For a generic Cartan geometry on a complex manifold, the circles of the model roll onto the manifold, but this rolling runs into singularities, rolling out not a rational curve but only a disk. The hyperbolic metrics on these disks are responsible for the Kobayashi metric on the manifold: define the distance between points to be the infimum distance measured along paths lying on finitely many of these disks, in their hyperbolic metrics.
On the other hand, the Cartan geometries attended to in the present article have quite degenerate Kobayashi metrics, at the opposite extreme. The next natural step is to investigate parabolic geometries which are just barely incomplete, for instance with all circles affine lines. Such geometries might admit classification, although their analysis seems difficult in the absence of invariant metrics.
The approach of Jahnke & Radloff [20] should uncover the sporadic nature of curved parabolic geometries on smooth complex projective varieties. Roughly speaking, parabolic geometries appear to be rare, except perhaps on unspeakably complicated complex manifolds, and all known parabolic geometries are flat. However, there are simple curved examples with singularities (see Hitchin [18] p. 83 (3.3)), which would appear to point the only way forward for research in parabolic geometry: curvature demands singularity.
